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NON-ISOTROPIC POTENTIAL THEORETIC INEQUALITY
M. ESRA YILDIRIM, ABDULLAH AKKURT, AND HU¨SEYIN YILDIRIM
Abstract. In this paper, the new weighted inequalities were derived by β-
distance which is similar to the given inequality for the potential operator
defined in [1].
1. Introduction
The following inequality has been obtained by D. Adams [1];
Let V is a non negative function in the Morrey space L1,λ (R
n) , λ > n− p.
For ∀u ∈ C∞0 (R
n) , q = p λ
n−p , 1 < p < n, the following inequality is valid;
(1.1)
(∫
Rn
|u (x) |qV (x) dx
) 1
q
≤ C (p, λ, n) ‖V ‖
1
q
L1,λ(Rn)
‖∇u‖Lp(Rn)
where L1,λ (R
n) is Morrey space.
Morrey spaces Lp,λ were introduced by Morrey in 1938 in connection with cer-
tain problems in elliptic partial differential equations and calculus of variations
[7]. Later, Morrey spaces found important applications to Navier Stokes and
Schro¨dinger equations, elliptic problems with discontinuous coefficients and po-
tential theory. An exposition of the Morrey spaces can be found in the book [5].
Morrey spaces were widely studied during last decades, including the study of
classical operators of harmonic analysis such as maximal, singular and potential
operators.
Definition 1. Let 1 ≤ p < ∞, 0 ≤ λ ≤ n. We define the Morrey space Lp,λ (R
n)
as the set of locally integrable functions f with the finite norms
(1.2) ‖f‖Lp,λ := sup
x∈Rn,t>0
t−
λ
p ‖f‖Lp(B(x,t)),
Note that if p = 1, L1,λ (R
n) Morrey space is defined as follows;
(1.3)
L1,λ (R
n) =
{
f ∈ Lloc1 (R
n) : ‖f‖L1,λ(Rn)
≡ supx∈Rn,r>0
1
rλ
∫
|x−y|<r
|f (y)| dy < +∞
}
, 0 < λ < n.
According to the definition of Lp,λ, the parameter p describes the local integra-
bility, while λ describes measure the global integrability. Unlike Lp,λ with p > 1,
it is not the case that we can characterize L1,λ in terms of the Littlewood-Paley
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decomposition. For this reason, the singular integral operators like the Riesz trans-
forms are not bounded on L1,λ. Nevertheless , this space can be compared with
other function spaces. This is what we do in the present paper.
This paper aims at using β-distance establish an imbedding similar to (1.1),
assuming more general hypotheses on the function V .
Firstly, we define a non isotropic distance or β-distance in n dimensional Eu-
clidean space Rn.
It is well known that the families of integral operators with positive kernels
have many applications in different problems, in the theory of differantial equation,
harmonic analysis etc. Integral operators depending on difference between the
variables have princibal aplications. For multidimensional case, this type of kernels
are function of euclidean distance between two points.
Let β = (β1, β2, . . . , βn) , βk ≥
1
2 , k = 1, 2, . . . , n and |β| = β1 + β2 + . . .+ βn.
For x = (x1, . . . , xn) and y = (y1, . . . , yn)
|x− y|β := (|x1 − y1|
1
β1 + |x2 − y2|
1
β2 + . . .+ |xn − yn|
1
βn )
|β|
n ,
is the non-isotropic distance or β-distance x and y, given in [2], ([10] − [13]), [17].
For any positive t, it is easy to see that this distance has the following properties
of homogeneity,
(1.4)
(∣∣tβ1x1∣∣ 1β1 + . . .+ ∣∣tβnxn∣∣ 1βn ) |β|n = t |β|n |x|β , t > 0.
This equality give us that non-isotropic β-distance is the order of a homogeneous
function |β|
n
. Thus the non-isotropic β-distance has the following properties:
1. |x|β = 0⇔ x = θ, θ = (0, 0, . . . , 0) .
2.
∣∣tβx∣∣
β
= |t|
|β|
n |x|β .
3. |x+ y|β ≤ k(|x|β + |y|β),
where k = 2
(
1+ 1βmin
) |β|
n
, βmin = min {β1, β2, . . . , βn}.
Here we consider β-spherical coordinates by the following formulas:
(1.5)
x1 = (ρ cosϕ1)
2β1 .
x2 = (ρ sinϕ1 cosϕ2)
2β2 .
...
xn−1 =
(
ρ sinϕ1 sinϕ2 . . . sinϕn−2 cosϕn−1
)2βn−1
xn =
(
ρ sinϕ1 sinϕ2 . . . sinϕn−2 sinϕn−1
)2βn
where 0 ≤ ϕ1, ϕ2, . . . , ϕn−2 ≤ π and 0 ≤ ϕn−1 ≤ 2π.
By using β-spherical coordinates, we get that |x|β = ρ
2|β|
n .
Firstly, we will define the β−ball Bβ (x, r) generated by the β−distance. For a
positive r and any x ∈ Rn, the open β-ball with radius r and a center x as
Bβ (x, r) =
{
σ : |x− y|β < r
}
.
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In [8], Sp class has been obtained. Now, we introduce Sp class depending on
β-distance as follow. Let 1 < p < n,
(1.6)
Sβp =

f ∈ Lloc1 (Rn) : supx∈Rn
∫
|x−y|β<r
|f (y)|
|x− y|
(n−p) 2|β|n
β
dy = ηβ (r)ց 0 for rց 0

 .
2. PRELIMINARY RESULTS
In this section, we introduce Morrey space Lβ1,λ (R
n) and Sβp , we give some re-
sults relating them. The Stummel class Sp was introduced by Ragusa and Zamboni
[8]. This class is a class of functions related to local behavior of mapping by gen-
eralized fractional integral operators and the generalized Morrey spaces are classes
of functions related to local behavior of Hardy-Littlewood maximal function.Now,
we introduce Sp class depending on β-distance as follows.
Definition 2. Let 1 < p < n,
(2.1)
Sβp =

f ∈ Lloc1 (Rn) : supx∈Rn
∫
|x−y|β<r
|f (y)|
|x− y|
(n−p) 2|β|n
β
dy = ηβ (r)ց 0 for rց 0

 .
L
β
1,λ (R
n) Morrey space is defined as follows.
Definition 3. Morrey space L
β
1,λ (R
n) generated by β-distance;
L
β
1,λ (R
n) =
{
f ∈ Lloc1 (R
n) : ‖f‖
L
β
1,λ(R
n)
≡ supx∈Rn,r>0
1
r
2|β|
n
λ
∫
|x−y|β<r
|f (y)| dy < +∞
}
, 0 < λ < n
where λ > n− p.
The next lemma gives a relation between the space Sβp and L
β
1,λ.
Lemma 1. If V belongs to L
β
1,λ (R
n), then V belongs to Sβp , and
∫
|x−y|β<r
|V (y)|
|x− y|
(n−p) 2|β|n
β
dy ≤ C (n, p, λ, β) r(λ−(n−p))
2|β|
n ‖V ‖
L
β
1,λ
(Rn) ,
where (n− p) 2|β|
n
< λ
2|β|
n
< n
2|β|
n
.
Conversely, if V belongs to Sβp and ηβ (r) ∼ r
α
2|β|
n then V belongs to L
β
1,(n−p+α) 2|β|n
(Rn).
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Proof. About the first part, we have∫
|x−y|β<r
|V (y)|
|x−y|
(n−p)
2|β|
n
β
dy
=
+∞∑
k=0
∫
r
2k+1
≤|x−y|β<
r
2k
|V (y)|
|x−y|
(n−p)
2|β|
n
β
dy
≤
+∞∑
k=0
(
2k+1
r
)(n−p) 2|β|n ∫
|x−y|β<
r
2k
|V (y)| dy
≤ 2(n−p)
2|β|
n
+∞∑
k=0
(
2k
r
)(n−p) 2|β|n ( r
2k
) 2|β|
n λ sup
r>0
1
( r
2k
)
2|β|
n
λ
∫
|x−y|β<
r
2k
|V (y)| dy
≤ 2(n−p)
2|β|
n r(λ−(n−p))
2|β|
n
+∞∑
k=0
2k
2|β|
n ((n−p)−λ) ‖V ‖
L
β
1,λ(R
n)
= r(λ−(n−p))
2|β|
n C (n, p, λ, β) ‖V ‖
L
β
1,λ(R
n) .
The second part is obvious, indeed∫
|x−y|β<r
|V (y)| dy ≤ r(n−p)
2|β|
n
∫
|x−y|β<r
|V (y)|
|x− y|
(n−p) 2|β|n
β
dy ≤ Cr(n−p+α)
2|β|
n .

Lemma 2. Let V ∈ Sβp . Then there exists a positive constant Cd = Cd (n) such
that
ηβ (r) ≤ Cdηβ(
r
2
) , r > 0.
Proof. Let m = m (n) ∈ N, x1, . . . , xm(n) ∈ Bβ (x0, r) such that
Bβ (x0, r) ⊆
m⋃
j=1
Bβ
(
xj ,
r
2
)
.
We have∫
|x0−y|β<r
|V (y)|
|x0 − y|
(n−p) 2|β|n
β
dy ≤
m∑
j=1
∫
|xj−y|β<
r
2
|V (y)|
|x0 − y|
(n−p) 2|β|n
β
dy =
m∑
j=1
Ij
and
Ij =
∫
|x0−y|β≥|xj−y|β ,|xj−y|β<
r
2
|V (y)|
|x0−y|
(n−p)
2|β|
n
β
dy
+
∫
|x0−y|β<|xj−y|β<
r
2
|V (y)|
|x0−y|
(n−p)
2|β|
n
β
dy
= Aj +Bj .
Since
Aj ≤
∫
|xj−y|β<
r
2
|V (y)|
|xj − y|
(n−p) 2|β|n
β
dy ≤ ηβ(
r
2
)
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Bj ≤
∫
|x0−y|β<
r
2
|V (y)|
|x0 − y|
(n−p) 2|β|n
β
dy ≤ ηβ(
r
2
)
then, we get the conclusion. 
The following definition gives a generalization of Sβp .
Definition 4. Let ϕ : ]0,+∞[→ ]0,+∞[ be a non-decreasing continuous function
with lim
t→0
ϕ (t) = 0. We say that V : Rn → R belongs to the class Sβp,ϕ if and only if
there exists a non decreasing function ξβ : ]0,+∞[ → ]0,+∞[ with lim
r→0
ξβ (r) = 0
such that
(2.2) sup
x∈Rn
∫
|x−y|β<r
|V (y)|
|x− y|
(n−p) 2|β|n
β ϕ
(
|x− y|β
)dy ≤ ξβ (r) , 1 < p < n.
In order to show that a function V ∈ Sβp belongs to an appropriate S
β
p,ϕ we give
the following lemma.
Lemma 3. Let V ∈ Sβp such that ∃γ ∈ ]0, 1[ :
∫ 1
0 t
−1η
1−γ
β (t) dt < +∞, where ηβ (t)
is the Stummel modulus generated by β-distance of V . Then V ∈ Sβ
p,η
γ
β
and
(2.3)
∫
|x−y|β<r
|V (y)|
|x− y|
(n−p) 2|β|n
β η
γ
β
(
|x− y|β
)dy ≤ µβ (r) ,
where
µβ (r) =
2
C
∫ r
0
t−1η
1−γ
β (t) dt.
Proof. Using Lemma 2, we can obtain
∫
|x−y|β<r
|V (y)|
|x−y|
(n−p)
2|β|
n
β η
γ
β(|x−y|β)
dy =
+∞∑
k=0
∫
r
2k+1
≤|x−y|β<
r
2k
|V (y)|
|x−y|
(n−p)
2|β|
n
β η
γ
β(|x−y|β)
dy
≤
+∞∑
k=0
ηβ
(
r
2k
) [
ηβ
(
r
2k+1
)]−γ
≤ C−γ
+∞∑
k=0
[
ηβ
(
r
2k
)]1−γ
.
The last series converges observing that
∫ r
0 t
−1η
1−γ
β (t) dt =
+∞∑
k=0
∫ r
2k
r
2k+1
t−1η
1−γ
β (t) dt
≥
+∞∑
k=0
[
ηβ
(
r
2k+1
)]1−γ 2k
r
r
2k∫
r
2k+1
dt
≥ 12C
1−γ
+∞∑
k=0
[
ηβ
(
r
2k
)]1−γ
.

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3. MAIN RESULTS
In this section ,under the more general hypotheses for function V , we will obtain
embeddings like (1.1) using β-distance.
Firstly we need the following definitions:
Let f and h be measurable functions such that f ∈ Lloc1 (R
n) and h ≥ 0, we set
the fractional integral generated by β-distance of order p as
(3.1) Iβp (f) (x) =
∫
Rn
|f (y)|
|x− y|
(n−p) 2|β|n
β
dy,
and we get generalized fractional integral generated by β-distance;
(3.2) Iβp,h (f) (x) =
∫
Rn
|f (y)|
|x− y|
(n−p) 2|β|n
β h
(
|x− y|β
)dy.
The important properties of the fractional integrals, their generalizations were stud-
ied by many authors. We refer to papers [6]−[13], [17].
Theorem 1. Let V ∈ Sβp,ϕ with ϕ (t) and ξβ (t) as in Definition 2. Then, for any
σ ∈ ]0, 1[, there exists a non-decreasing, positive function G (t) such that
(3.3)
∫
Bβ(y,r)
G
(
I
β
p,ϕσ (f
p)
‖f‖
p
p
)
V (x) dx ≤ ξβ (r)
for all f ∈ C∞0 (R
n) ,where Bβ (., r) is β−ball with radius r containing the support
of f. Also
(3.4) lim
t→∞
G (t)
t
= +∞.
Proof. For ǫ > 0 and 0 < σ < 1, we obtain,
(3.5)
I
β
p,ϕσ (f
p) (x) =
∫
|x−y|β≤ε
|f(y)|pϕ(|x−y|β)
|x−y|
(n−p)
2|β|
n
β ϕ
σ(|x−y|β)ϕ(|x−y|β)
dy
+
∫
|x−y|β>ε
|f(y)|p
|x−y|
(n−p)
2|β|
n
β ϕ
σ(|x−y|β)
dy
≤ ϕ1−σ (ε) Iβp,ϕ (f
p) + 1
ǫ
(n−p)
2|β|
n ϕσ(ε)
‖f‖pp.
Letting ε(n−p)
2|β|
n ϕ (ε) = Φ (ε) , we choose
ε = Φ−1
(
||f ||pp
I
β
p,ϕ (fp)
)
,
a choice which makes the two terms on the right hand side of (3.5) equal.
From (3.5), we obtain
I
β
p,ϕσf
p (x)
||f ||pp
≤
2[
Φ−1
(
||f‖pp
I
β
p,ϕ(fp)
)](n−p) 2|β|n
ϕσ
[
Φ−1
(
||f‖pp
I
β
p,ϕ(fp)
)] .
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If
ψ (t) =
2[
Φ−1(1
t
)
](n−p) 2|β|n ϕσ [Φ−1 ( 1
t
)]
and
G (t) = ψ−1 (t) ,
we have
G
(
I
β
p,ϕσ (f
p)
||f ||pp
)
≤
Iβp,ϕ (f
p)
||f ||pp
.
Finally, using Fubini’s theorem
∫
Bβ(y,r)
G
(
I
β
p,ϕσ
(fp)(x)
‖f‖pp
)
|V (x) |dx
≤ 1
‖f‖pp
∫
Bβ(y,r)
Iβp,ϕ (f
p) (x) |V (x) |dx
= 1
‖f‖pp
∫
Bβ(y,r)
(∫
Rn
|f(y)|p
|x−y|
(n−p)
2|β|
n
β ϕ(|x−y|β)
dy
)
|V (x)| dx
= 1
‖f‖pp
∫
Rn
(∫
Bβ(y,r)
|V (x)|
|x−y|
(n−p)
2|β|
n
β ϕ(|x−y|β)
dx
)
|f (y)|
p
dy ≤ ξβ (r) .
So (3.3) was obtained.
(3.4) is easily seen to be equivalent to
(3.6) lim
s→0
[Φ−1 (s)](n−p)
2|β|
n ϕσ[Φ−1 (s)]
s
= +∞.
Choosing H (t) = t(n−p)
2|β|
n ϕσ (t) , (2.4) can be rewritten as
(3.7) lim
s→0
H
(
Φ−1 (s)
)
s
= +∞.
Since lims→0
Φ(s)
H(s) = lims→0 ϕ
1−σ (s) = 0 we obtain (3.7). 
Lemma 4. Let h : ]0,+∞[→ ]0,+∞[ such that
∫ 1
0
[h(t)]p
′/p
t
dt < +∞ (p′ : 1
p′
+ 1
p
=
1). Then
I
β
1 (f) ≤ C (n, p, diam (sptf) , h) [Ip,h (f
p)]
1
p
for all f ∈ C∞0 (R
n).
Proof. Using Ho¨lder inequality, we get
I
β
1 (f) =
∫
Rn
|f(y)|h
1
p (|x−y|β)
|x−y|n−1β h
1
p (|x−y|β)
dy
≤ [Ip,h (f
p)]
1
p
(∫
Bβ(y,r)
h
p′
p (|x−y|β)
|x−y|nβ
dy
) 1
p′
where Bβ (y, r) ⊇ sptf. 
8 M. ESRA YILDIRIM, ABDULLAH AKKURT, AND HU¨SEYIN YILDIRIM
Corollary 1. Under the hypotheses of Theorem 1 and for all u ∈ C∞0 (R
n), letting∫ 1
0
[ϕ(t)]
σp′
p
t
dt < +∞, we get
(3.8)
∫
Bβ(y,r)
G
(
|u|p
‖∇u‖
p
p
)
V (x) dx ≤ C (n, p, diam (sptu) , ϕ) ξβ (r) ,
where Bβ (y, r) ⊇ sptu.
Proof. Using Lemma 1 and Theorem 1, we have the following inequality
|u| ≤ C (n) Iβ1 (|∇u|) .

Remark 1. If we choose the function ϕσ (t) with a more general non-decreasing
function δ : ]0,+∞[→ ]0,+∞[ such that
lim
t→0
δ (t) = 0, lim
t→0
ϕ(t)
δ(t) = 0,
ϕ(t)
δ(t) is non-decreasing, where ϕ (t) is as in Definition 2, the previous results are
also valid.
Proposition 1. Let V ∈ Sβp , V ≥ 0, σ ∈ ]0, 1[, γ =
1
σp
p +1
and assume that
(3.9)
1∫
0
[
ηβ (t)
]1−γ
t
dt < +∞
Then
(3.10) V ∈ Sp,ηγ
β
and for every u ∈ C∞0 (R
n), there exists a non decreasing positive function G (t)
such that
(3.11)
∫
Bβ(y,r)
G
(
|u|
p
‖∇u‖
p
p
)
V (x) dx ≤ C
(
n, p, ηβ
)
µβ (r)
where Bβ (y, r) ⊇ sptu and
(3.12) µβ (r) =
2
C
r∫
0
t−1η
1−γ
β (t) dt.
Now we give an example of a function f ∈ Sβp , f ≥ 0. But for λ > n − 2, we
choose f 6∈ Lβ1,λ.
Example 1. Let χB (y) is the characteristic function of B and
f (x) =
1
|x|
2
β
∣∣∣log |x|β∣∣∣6
χB (x) ,
where, Bβ (0, δ) the β−ball centered in 0 and radius δ = e
−3. We obtain that the
function
ηβ (r) = sup
x∈Rn
∫
|x−y|β<r
f (y)
|x− y|
n−2
β
dy,
is such that
NON-ISOTROPIC POTENTIAL THEORETIC INEQUALITY 9
(i) limr→0 ηβ (r) = 0
(ii)
∫ r
0
η
1/4
β (ρ)
ρ
dρ < +∞.
Proof. For x ∈ Rn and r > 0 we obtain∫
|x−y|β<r
1
|y|
2
β |x− y|
n−2
β
∣∣∣log |y|β∣∣∣6
χB (y) dy
=
∫
|y|β<|x−y|β<r
1
|y|2β |x−y|
n−2
β |log|y|β|
6χB (y) dy
+
∫
{|x−y|β<r}∩{|x−y|β<|y|β<δ}
1
|y|2β |x−y|
n−2
β |log|y|β|
6χB (y) dy = A1 +A2.
For A1,letting σ = min (r, δ)
A1 =
∫
|y|β<|x−y|β<r
1
|y|2β |x−y|
n−2
β |log|y|β|
6χB (y) dy
≤
∫
|y|β<r
1
|y|nβ |log|y|β|
6χB (y) dy = C (n)
1
(− log σ)5 ,
and for A2, considering that the function
1
t2(− log t)6 is decreasing in
]
0, e−3
[
, we
obtain ;
A2 =
∫
{|x−y|β<r}∩{|x−y|β<|y|β<δ}
1
|y|2β |x−y|
n−2
β |log|y|β|
6χB (y) dy
=
∫
{|x−y|β<r}∩{|x−y|β<|y|β<δ}
1
|y|2β |x−y|
n−2
β |log|y|β|
6 dy
≤
∫
{|z|β<r}∩{|z|β<δ}
dz
|z|nβ (− log|z|β)
6 = C (n)
1
(− log σ)5
.
Then we have
ηβ (r) ≤ L (r) ≡ 2C (n)
1
(− logσ)
5 .
Because lim
r→0
L (r) = 0 we get (i).
Only considering r < δ,∫ r
0
η
1
4
β
(ρ)
ρ
dρ ≤
∫ r
0
L
1
4 (ρ)
ρ
dρ
= (2C (n))
1
4
∫ r
0
(− log ρ)−
5
4
ρ
dρ
= (2C (n))
1
4
4
(− log r)
1
4
< +∞.
So we prove (ii).
Now, for λ > n− 2, we prove that the function f 6∈ Lβ1,λ.
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Indeed letting, for ε > 0, λ = n− 2 + ε, the following quantity is unbounded.
1
rn−2+ε
∫
Bβ(0,r)
χB(y)
|y|2β|log|y|β|
6 dy =
C(n)
rn−2+ε
∫ r
0
ρn−1
ρ2(− log ρ)6 dρ
>
C(n)
2n−2rε
∫ r
r
2
dρ
(− log ρ)6ρ
= 15
C(n)
2n−2rε
[
1
(− log r)5 −
1
(− log( 12 r))
5
]
.

Remark 2. Throughout this study, if we choose β1 = β2 = ... = βn =
1
2 , then we
have the conclusions of [8].
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